Let X be a completely regular space and C{X) the space of bounded real-valued continuous functions on X with the supremum norm.
The spaces M σ (X), M T (X), M t (X)
and M e (X) of measures on X are defined as subsets of the dual of C(X) ( [22] ) and can be described using the Stone-Cech compactification of X ( [13] ). Identifying each point x oί X with the point mass ε x , X can be considered as a closed subset of M 8 (X) and M?(X) (for s -τ, t or c) endowed with the weak topology which is defined by C(X). Our purpose is to find topological properties that devolve from X to M 8 
(X) or

M S + (X).
Notations and preliminary results are given in § 1. In § 2 it is proved that certain topological properties which can be described by perfect functions with values in metric spaces, devolve from X to
M S + (X) but not to M a (X). For this purpose it is shown that a perfect function between two spaces X and Y induces a perfect function between M S + (X) and M S + (Y)
. Section 3 is concerned with the property of realcompactness. Using a result of Corson, it is proved that M S (X) is realcompact if and only if every σ-additive measure on X which on every countably generated σ-algebra of Baire sets coincides with some element of M S {X) is, in fact, an element of M£X). Realcompactness devolves from X to M e (X), but not to M τ {X) and M t (X) .
Finally, I wish to thank Professor S. Negrepontis for his assistance and encouragement and Dr. A. Tsarpalias for bringing [2] to my attention.
1* Preliminaries and notations* A basic reference for the 420 G. KOUMOULLIS theory of measures on topological spaces is Varadarajan [22] . All topological spaces considered in this paper are assumed to be completely regular (and, of course, Hausdorff). Let X be a basic fixed completely regular space. We denote by C(X) the space of bounded continuous real-valued functions on X, endowed with the supremum norm. A linear functional φ on C(X) is (a) σ-additive, if φ(f n ) -» 0 for every sequence {f n } in C(X) which is decreasing and pointwise convergent to zero; (b) τ-additive, if φ(f a ) -> 0 for every net {/«} in C(X) which is decreasing and pointwise convergent to zero; (c) tight, if φ(fa) -» 0 for every uniformly bounded net {f a } in C(X) which converges to zero uniformly on compact subsets.
According to the Aleksandrov representation theorem [22, Part I, Theorem 6], the dual of C(X) is identified by an order preserving isometry with the space M(X) of (finitely additive Baire) measures on X. A measure μ on X is said to be σ-additive, τ-additive or tight if the functional
JX has these properties. The spaces of the σ-additive, τ-additive and tight measures on X are denoted by M σ (X), M τ {X) and M t {X) respectively. The elements of M σ (X) are exactly the countably additive measures defined on the σ-algebra &(X) of all Baire sets of X (see [22, Part I, Theorem 18] ). We recall that the collection of Baire sets of X is the σ-algebra generated by the zero sets of real-valued continuous functions on X.
The space of measures with compact support is denoted by M C (X). The elements of M C (X) correspond to the functionals on C(X) with the property: φ{f a ) -> 0 for every net {f a } in C(X) which converges to zero uniformly on compact subsets. Usually we do not distinguish between the functional and the associated measure. On the space M(X) we consider the weak topology σ(M(X), C(X)). This space is completely regular and can be identified with the space M(βX) by the homeomorphism μ->μ. Also, the function x -> ε x is a homeomorphism of X and {ε x :xeX} which is closed in M+(X).
The following theorem is one of the deepest results obtained by Varadarajan in [22] . A simpler proof can be found in [5] . THEOREM The following theorem will be used to show that some topological properties related to Cech completeness and ikί-property (defined below) devolve from X to M S + (X) for s = τ, t or c. We shall use the following two lemmas. 
The proof for s = £ or c is similar. 
Therefore f*(F) is closed in M S + (Y).
It remains to show that /^({v}) is compact for every veM?(Y).
Clearly fϊ\{v}) is closed in M+(X) and by Lemma 2.3 it is closed in Λf+(X). For every μef;\{v}), we have ||μ\\ = μ(l) = Λ(j")(l) -^(1), so /ίXM) is norm bounded. It follows that fϊ\{v}) is compact. 
(X).
A space X is called an M-space if there is a quasi-perfect function from X onto a metric space. (A continuous function /: X-> Y is quasi-perfect if / is onto, closed and f~ι({y}) is countably compact for every yeY).
According to a theorem of Morita a space X is a paracompact M-space if and only if there is a perfect function from X onto a metric space (see Morita [18] and the reference given there for the theory of M-spaces). It follows that X is a Lindelof ikf-space if and only if there is a perfect function from X onto a separable metric space. Analogously we have the following. COROLLARY 
The space M S + (X) (for s = τ, t or c) is (i) paracompact M-space, or (ii) Lindelof Mspace, if and only if X has property
The following proposition which appears in Grbming [6] gives information about the topological properties which devolve from X to M+(X), for s = τ or t. For the sake of completeness we include a proof which is shorter than that of Gromig. PROPOSITION As Grbmig remarked in [6, p. 401] , Proposition 2.6 and the above remark yield that if P is a topological property which is hereditary on closed subsets and devolves from X to M?(X) or M?(X) (resp. M+(X)) f then P devolves from X to the countable (resp. finite) products of X. Moreover, we know that if X is Lindelδf, then X x X may fail to be even normal. Thus Corollaries 2.4 and 2.5 are not correct for Lindelof or paracompact spaces and it is not incidental that the topological properties considered in these corollaries devolve from X to X N . However, the topological properties of Corollary 2.4 as well as Cech completeness do not devolve from X to M C + (X) as the next proposition shows. Notice that Cech completeness is hereditary on closed subsets and devolves from X to X N (see [3, pp. 
.8. Let M be a vector subspace of M(X). Then (i) M satisfies the countable chain condition; and (ii) for every continuous function f from M into a separable metric space, there is a countable K c C(X) such that μ,veM, μ\ κ = ι>\ κ =>f(μ)=Λv).
(i) follows from the fact that M is homeomorphic to a dense subset of R 1 for some I (take / to be an algebraic basis of C(X)) and that R τ satisfies the countable chain condition. The arguments used in [20] to show that every continuous function from R 1 into a separable metric space is determined by countably many coordinates apply for dense subsets of R 1 and this proves (ii). THEOREM 
The following are equivalent for s = τ, t or c. (i) M S (X) is an M-space; (ii) M 8 {X) is Cech complete;
(iii) X is finite.
Proof, (iii) => (i) and (iii) => (ii) are trivial. (i) => (iii). There is a quasi-perfect function F: M S (X) -> Y, where Y is metrizable. Since M 8 (X) satisfies the countable chain condition (Lemma 2.8 (i)), Y satisfies the same condition, so it is separable. By Lemma 2.8 (ii), F is determined by a countable set
KdC(X). The set L -{μ e M 8 (X): μ(f) = 0 for all / e K} is contained in the countably compact set F-^FiίO)}); also X-μeL for every λ e R and μ e L. It follows that L = {0}. Therefore the function
G:M S (X) >R K with G(μ) = (μ(f)) feκ
is 1-1 and continuous. We define
H:M S (X) >YxR κ by H(μ) = (F(μ), G(β)) .
Then H: M S (X) -> H(M S (X)) is quasi-perfect (cf. [16, Theorem 1.1])
and 1-1. Thus M 8 (X) 9 being homeomorphic to a subspace of Y x R κ , is metrizable.
We consider M S (X) as a dense subset of R τ , where / is an algebraic basis of C(X), and let μ 0 be an element of M 8 (X) and {V n } a countable neighborhood base for μ 0 in M S (X). Then {cl R i(V n )} is a countable neighborhood base for μ 0 in R r . It follows that / is at most countable. Since no Banach space is of algebraic dimension ^0 (cf. [10, 14 .32]), / is finite. Therefore X is finite.
(ii) => (iii). Let F n = {μ e M S (X): || μ \\ ^ n} for n = 1, 2, . Each SOME TOPOLOGICAL PROPERTIES
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F n is closed in M S (X) and M S {X) -\Jn=i F n . Assume that X is infinite. Then each F n has empty interior (cf. the proof of Theorem 16, Part II in [22] ), so M S (X) is of the first category in itself and, in particular, it is not Cech complete.
3* Realcompactness* This section is concerned with the property of realcompactness in the spaces of measures. We recall that a completely regular space X is realcompact if for every y e βX -X there is a continuous function /: βX -> [0, 1] such that f(y) = 0 and f(x) > 0 for all xeX.
The realcompactification of a space X is denoted by υX; of course X is realcompact if X -υX (see [1] ).
The following lemma is proved by Corson in [2] for the weak topology of a Banach space but essentially the same proof works in our case. LEMMA 
(cf. [2, Lemma 9]). A vector subspace M of M(X) is realcompact if and only if every μ e M(X) with the property {for every countable K c C(X)
(
This lemma implies immediately that υM σ (X) -M a {X), that is, M σ (X) is realcompact for any space X. Moreover, if M u M 2 are vector subspaces of M(X) and M x c M 2 , then oM t c υM 2 c M{X).
Thus the relations between the spaces of measures imply the following diagram.
Since a closed subset of a realcompact space is realcompact, in order that M 8 (X) (for s = τ, t or c) be realcompact a necessary condition is that X be realcompact. Our purpose is to find when this condition is sufficient. First, we shall give another description of υM s (X) considering its elements as measures on X rather than linear functionals on C(X). ί hdμ = \ >
JX JX
Proof, Clearly it suffices to prove the lemma when H consists of a single bounded Baire measurable function h. This is trivial when h is continuous. In addition, if {h n } is a uniformly bounded sequence of Baire measurable functions which converges pointwise to some h and the conclusion is true for every h n , then, by the Lebesgue's dominated convergence theorem, the conclusion is true for h. This completes the proof. 
(iii) for every countably generated sub-o'-algebra έ%? of έ@(X), there is v e M S {X) such that μ(B) = v(B) for all B e έ%f\ (iv) for every continuous function f from X into a separable metric space, there is veM s (X) such that f*{μ) =/*(v).
Proof, (i) => (ii) is immediate from Lemmas 3.1 and 3.2.
(ii) ==> (iii). Let έ% be a countably generated sub-σ -algebra of &(X).
By [11, I, §2, Theorem 5] there is f:X->R Baire measurable such that & = f-\^(R)).
Let {V n } be a countable base for the topology of R. We may suppose that {V n } is closed under finite unions. From (ii) it follows that there is ve M S (X) such that μ(f~\V n )) -v(f~\V n )) for all n, so Uμ) = Λ(v). Therefore μ{B) -v{B) for all ΰe^, (iii) => (iv). This is trivial since f~\^(Y)) is countably generated. (iv)=>(i). Let K = {f n : n e N) be a countable subset of C(X).
it follows that μeυM s (X).
REMARK. It is clear that Theorem 3.3 is valid for any vector subspace M of M σ (X) in the place of M S (X). So direction (i) ==> (iii) implies that the space M P (X) of perfect measures on a completely regular space X (see [14] The analogue of Proposition 3.6 is not correct for the spaces M τ and M t . First, we prove the following. It is known (cf. [20] ) that / is determined by countably many coordinates, that is, there is A c a countable such that f = g°p, where p: R a -> R A is the projection and g is continuous. The above proposition in conjunction with some known results yields the following (a) and (b). We notice that it is consistent with the negation of the continuum hypothesis for Λf r (Λ Kl ) not to be realcompact (see [9] ). Also,
A space X with the countable chain condition is realcompact if and only if X is topologically complete (cf. [2, Lemma 8] ). Therefore Lemma 2.8 (i) and (b) above yield that the proposition "ikf Γ (J? Kl ) is topologically complete" is also undecidable in ZFC. This shows that topological completeness is not a purely topological property. See also [8, p. 12] .
In the next theorem we show that realcompactness devolves from X to M τ {X) and M t (X), if X is metrizable. We recall that, by (a special form of) Katetov's theorem (cf. [1, Theorem 6.2]), a metric space X is realcompact if and only if every closed discrete subset of X has non-(Ulam-) measurable cardinal. Also, a ^-additive measure on X is τ-additive if and only if it is supported by a closed separable subset. 1]) ) is countably generated and μ Ό^n eυM τ (X) (Corollary 3.4), there is veM τ (X) such that h*(μ ϋ/n ) = h*{v) (Theorem 3.3) . By the r-additivity, v is supported by U ( X -U 3O for some countable ^"c 3^. But fc(U^^U(X-U is countable, so h*(v) is supported by a countable set. This is a contradiction since h*(v) -a X.
To show that M t (X) is realcompact let μeυM t (X). Then μe υM τ (X) = M T (X) by the above. So, μ is supported by a closed separable set S. Since &(S) is countably generated, it follows from Theorem 3.3, that μ e M t (X). Theorem 3.8 at least for the space of τ-additive measures remains valid when X is paracompact. Indeed, the only properties of metric spaces which are actually used are paracompactness and that every open set is a Baire set. However, the latter is not essential (cf. the proof of Theorem 5.10 in [14] ). In any case, this result will be deduced as corollary of the next theorem. First we give some notations and definitions related to the notion of continuous pseudometric.
We denote by 2$ the family of all continuous pseudometrics on a completely regular space X. whenever X is paracompact (see [21] ). 
